This work analyzes the influence of steering angle saturation to the convergent property in the Path-generating Regulator (PGR) under the feedback gain switching strategy for car-like robots. The PGR control method carries out asymptotic convergence to a given path function group. It has been extended to car-like robots, and its convergent region has been expanded by the feedback gain switching strategy. However, under this strategy, when the robot restarts after the feedback gain switches, the command of the steering angle tends to be close to ±π/2 rad, which might exceed the maximum steering angle. This phenomenon causes steering angle saturation. The robot then drives along the minimum turning circle. In this paper, the convergent property of the robot under steering angle saturation is investigated first. Results show that the convergent property is related strongly to the number of singular points, which depends on the center location of the minimum turning circle. Then the convergent properties at different locations are clarified through region division. Moreover, an extended feedback gain switching strategy method is proposed to change the convergent property in the specific region. Based on simulation and experiment results, we summarize the convergent property related to the region and verify the proposed method.
Introduction
Car-like robots, which have been developed for several decades, have been applied widely in various fields. One promising application is environmental surveys of vast areas (Michishita, et al., 2012) , which require precise location and orientation control. Car-like robots are nonholonomic systems. They are characterized by constraint equations involving the time derivatives of the system configuration variables. It is difficult for the robot to converge to the target state by deriving a control law. Some earlier reports (Khnenouf and Canudes, 1996 , Ma and Tso, 2008 , Primbs, et al., 1999 , Rehman, 2005 have proposed approaches to control the nonholonomic systems with closed loop control. Most such approaches design the feedback control system by converting variables such as input conversion and coordinate transformation of the mathematical model to a format called Chained form. It is noteworthy that the conversion variables can not be defined globally in such approaches. As a result, the feedback control law can not be defined globally either.
As described in this paper, the Path-generating Regulator (PGR) algorithm is applied to robot control (Takashima, et al., 2004) . Unlike other methods, the PGR is neither the coordinate transformation nor the input transformation. It is a control method that carries out asymptotic convergence of nonholonomic robots to a given path function group. Its member functions pass through the origin. The gradient at the origin is equal to zero. This method has been extended to car-like robots. The convergent regions have been discussed . The convergent regions are surrounded by singular points. If the robot starts from outside of the convergent regions, then it reaches the singular points on the way to the origin. At that instant, the speed command of the PGR becomes zero. To solve the limitation on singular points, the feedback gain switching strategy has been proposed . Under this strategy, after the robot stops at the singular point, a new feedback gain is applied to shift the singular surfaces from the original position. However, when the robot restarts after the feedback gain switches, the command of the steering angle tends to be close to ±π/2 rad, which might exceed the maximum steering angle. This phenomenon causes steering angle saturation. In some cases, it might happen that the robot intersects with the new singular surface.
To analysis the influence of steering angle saturation for robot control, some approaches have been proposed. For instance, on linear sliding mode control for an unmanned agricultural tractor has been analyzed in the presence of sliding and control saturation (Matveev, et al., 2013) . Semiglobal stabilization for nonholonomic mobile robots has been discussed based on dynamic feedback with inputs saturation (Chen, et al., 2012) . The influence to the multi-axles driving for wheeled mobile robots with geometry and kinematical constraint control has been addressed (Li, et al., 2013) . However, these approaches are not incorporated directly into the PGR. This study investigates the influence of steering angle saturation to the convergent property in the PGR under the feedback gain switching strategy for car-like robots, and clarifies the convergent properties at different locations through region division. Moreover, we propose a method of extension to feedback gain switching to change the convergent property in the specific region.
One of the important applications of the proposed navigation method is the environmental survey in landfill. In landfill, bacteria digest the organic wastes and produce methane gas and carbon dioxide as natural byproducts. In order to judge the gas ingredients and consistency, lots of pipes are set in the landfill. These pipes are seen as landmarks and targets. The robot moves to these pipes to detect the gas information. In this paper, we put the pipes in the field for the experiment to imitate the landfill site. In order to verify the feasibility of the proposed method, the simulation and experiment was executed with a robot car.
The remainder of this paper is organized as follows. Section 2 reviews the PGR and the feedback gain switching strategy. In Section 3, we analyze the influence of steering angle saturation based on the minimum turning circle. This is a main issue of this paper. As explained in Section 4, the simulation and experiment are conducted and discussed based on the analysis of Section 3. Concluding remarks are presented in Section 5.
PGR and feedback gain switching strategy for car-like robots
This section presents a brief introduction of the PGR and the feedback gain switching strategy for car-like robots. The PGR algorithm makes the pose angle converge to the target pose angle and makes the location converge to the origin (Takashima, et al., 2004) . The feedback gain switching strategy is used for the robot restarting from outside of the convergent region to overcome the singular points. The car-like robot examined in this paper is steered by the front wheels and is driven by the rear wheels. The two-wheel model, which is equivalent to the four-wheel car-like robot, is presented in Fig. 1 . The reference point with coordinates (x, y) is the midpoint of the rear wheels; θ is the pose angle of the car-like robot in global coordinate. We assume that L is the distance between rear and front axles, u1 is the velocity of the center of rear wheels, and u2 is the steering angle of the center of front wheels. Both of u1 and u2 are the control inputs. State equations of the car-like robot are expressed as Eqs. (1), (2) and (3). Moreover, u2 < u2max, where u2max is the maximum steering angle imposed by the mechanical constraint.
PGR for car-like robots
Presuming that Eq. (4) is used for the path function group in the PGR. 
Therein, k stands for a positive real constant number, n denotes a positive integer. The control law of the PGR for the car-like robot is shown as follows.
When u1 is equal to 0, , ̇ and ̇ are respectively equal to 0 from Eqs. (1), (2) and (3). Therefore the point which satisfies Eq. (7) is regarded as the equilibrium point. 12 cos sin 0 xy
Recalling Eq. (6), when u1 approaches zero, inside of tan -1 {} trends towards ±∞. These points other than the origin are also regarded as singular points. Eq. (7) can be rewritten as Eq. (8). 
When 1 = 2 , helical surfaces formed by the singular points satisfying Eq. (8) in the x-y-θ state space are presented in Fig. 2 . Two surfaces can be formed by the straight line y = -xcosθ/sinθ, which rotates counterclockwise around the θ-axis from -π to π. Upper and lower surfaces are designated respectively as S1 and S2. The plane x = 0 is expressed by the red rectangle. When x < 0, the space between the two surfaces is defined as D1. The outside of D1 is defined as 1 . When x > 0, the space between the two surfaces is defined as D2. The outside of D2 is defined as 2 . According to a previous report . When the initial pose is in D1, the robot moves forward and converges to the origin, when the initial pose is in D2, the robot moves backward and converges to the origin. Shown in Fig.3 , the small red circles stand for the robot initial poses, which do not pass the singular points. When the initial pose is in 1 or 2 , the robot intersects with S1 or S2 and stops at the singular point. In order to make robot restart at the singular point, the feedback gain switching strategy has been proposed.
Feedback gain switching strategy
If the robot starts from 1 or 2 , then it reaches S1 or S2 on the way to the origin. At that instant, u1 of the PGR becomes zero. In Fig. 4 , P0 is defined as start point, P1 is defined as a singular point on S1, and the target point is the origin. When the robot reaches S1, it stops at P1. To restart the robot, 1 or 2 can be changed to an appropriate value to satisfy u1 ≠ 0. The new velocity 1 ' is obtainable by changing 2 to 2 ' > 0 from Eq. (9). Similarly, the new velocity 1 ' is obtainable by changing 1 to 1 ' > 0.
However in the practical application, when the robot stops at a singular point, a small new velocity 1 ' is given. Its sign is opposite that of velocity u1 before stopping at the singular point. Then the new feedback gain 2 ' is obtained from Eq. (10).
The singular surfaces S1 and S2 are changed to the new singular surfaces 1 ' and 2 ' , as depicted in Fig. 4 from Eq. (11).
In the numerical example presented in Fig. 4 , the robot starts from P0 = (-4000 mm, 3000 mm, 5π/6 rad). Then it intersects with S1 at P1 = (-3834.5 mm, 2399.9 mm, 1.1 rad). A new velocity 1 ' = 30 mm/s is given. Then 2 = 0.1 is changed to 2 ' = 0.0701 from Eq. (10). The robot restarts and converges to the origin.
Steering angle saturation analysis
In this section, we present an investigation of the behavior of the robot under steering angle saturation. When the robot restarts with a small value of u1 after gain switches, u2 is close to ±π/2 rad, which might exceed u2max. This phenomenon causes steering angle saturation, where the robot drives along the minimum turning circle.
First, the minimum turning circle is defined. Next, the process of robot restart is discussed in detail under steering angle saturation. Then, we point out that the convergent property is related strongly to the number of the singular points. The running area is divided into four regions to clarify the convergent properties at different locations.
Minimum turning circle under steering angle saturation
As portrayed in Fig. 5 , assuming that the robot turns without slipping of the tires, the minimum turning circles are defined on both sides of it. The inner of the two circles is the area where the robot can not reach because of the steering angle saturation. The minimum turning radius R of the robot is expressed as Eq. (12). The center of the left minimum turning circle is expressed as Eq. (13) and Eq. (14) sin
The center of the right minimum turning circle is expressed as Eq. (15) Figure 6a shows the trajectory which the robot drives along the minimum turning circles in the x-y-state space, whereas Figure 6b shows the trajectory in the x-y plane. The two blue lines represent the minimum turning circles. Here, P0 is the start point, P1 is the singular point or restart point, P2 is defined as the point of leaving the minimum turning circle. Here, A, B, C, and D respectively represent the directions along minimum turning circles at the singular point. We assume that the center of the right minimum turning circle locates in the second quadrant and that P0 locates in 1 . The robot drives along the left minimum turning circle with two singular points from the start pose. When the car-like robot stops at P1, the new velocity 1 ′ is obtained using the feedback gain switching strategy. In this case,
is close to zero. Therefore, u2 tends to be -π/2 rad from Eq. (6), under steering angle saturation, u2 = -u2max. Because u1 > 0 and u2 = -u2max, the robot restarts and drives to the A direction along the right minimum turning circles until it reaches P2.
Similarly, when the center of minimum turning circle locates in the other quadrants, the robot can also restart. If the number of the singular points is two, the robot can leave the circle at the leaving point between them. However, if the number of the singular points is more than two, the robot might reach the second singular point before the leaving point. This is a main result of this paper.
Region division based on the center location of minimum turning circle
At the foundation of the analysis about the center location of the minimum turning circle, we divide the running area of the robot into four regions.
First, the number and location of the singular points are analyzed when the center of the right minimum turning circle is in the third quadrant. The robot is assumed to drive along the right minimum turning circle. u1 is written as Eq. (17). The two sides of Eq. (17) are multiplied by sec(θ)csc(θ) to become F(θ).
Defining 1 ( ) = 1 ( csc − ), 2 ( ) = 2 ( sec + ), F(θ) is the sum of F1(θ) and F2(θ). Figure 7 presents the outlines of F1(θ), F2(θ), and F(θ). We define a as the value of F1(θ) when θ is equal to -π/2, b as the value of F1(θ) when θ is equal to π/2, c as the value of F2(θ) when θ is equal to 0, d as the value of F2(θ) when θ is equal to ±π, e as the minimum value of the F(θ) when -π < θ < -π/2, and f as the maximum value of F(θ) when 0 < θ < π/2. If F(θ) = 0, u1 = 0, then the number of the singular points can be expressed by the number of intersection points of the curve of F(θ) with the horizontal axis. When xr < -R, yr < -R, a = -xr -R > 0, b = xr -R < -2R, c = yr + R < 0, and d = -yr + R > 2R. Therefore, e > 0, f < 0. The outline of F(θ) is portrayed in Fig. 8 . There is only one intersection point (singular point) separately when θ is within the two intervals of -π < θ < 0 and 0 < θ < π.
Therefore, e might be less than 0 and f might be greater than 0. The outline of F(θ) is presented in Fig. 9 . One or three intersection points (singular points) might exist separately when θ is within the two intervals of -π < θ < 0 and 0 < θ < π.
When xr < -R, -R < yr <0, a = -xr -R > 0, b = xr -R < -2R, c = yr + R, 0 < c < R, d= -yr + R, and R < d < 2R. Therefore, e > 0 and f might be greater than 0. The outline of F(θ) is shown in Fig. 10 . There might be one or three intersection points (singular points) when θ is within the interval of 0 < θ < π or only one intersection point (singular point) within the interval of -π < θ < 0.
. Therefore e might be less than 0, and f < 0. The outline of F(θ) is presented in Fig. 11 . One or three intersection points (singular points) might exist when θ is within the interval of -π < θ < 0 and only one intersection point (singular point) within the interval of 0 < θ < π.
Similarly, in the other quadrants, the number and location of the singular points have the same property in the same region. To clarify the convergent property at different locations, we divide the running area into four regions presented in Fig. 12 based on the analysis above. Among them, |xr| > R and |yr| > R are defined as region I, as shown in Fig. 8 . |xr| < R and |yr| < R are defined as region II, as shown in Fig. 9 . |xr| > R and |yr| < R are defined as region III, as shown in Fig. 10 . |xr| < R and |yr| > R are defined as region IV, as shown in Fig. 11 . The subscript denotes the quadrant in Fig. 12 . 
Simulation and experiment
This section explains the simulation and experiment conducted to verify the reasonability of region division on the convergent property. In the resulting discussion, we also address an example in which the number of the singular points and convergent property can be changed by adjusting λ1 and λ2 in region III.
Equipment
As presented in Fig. 13 , a robot car (RoboCar(R) 1/10; ZMP Inc.) with length × width × height = 429.0 mm × 195.0 mm × 212.2 mm is used. Its kinematic parameters are L = 256 mm, and u2max = π/6 rad. Its minimum turning radius R = 443.4 mm from Eq. (20). It is equipped with LRF (URG-04LX; Hokuyo Electric Inc.) to identify landmarks for autonomous navigation, a wireless LAN adapter to allow a remote access to the car from a distant computer. The MATLAB/Simulink is used for programming. Figure 14 presents the experiment environment, pipes are set in the indoor field, which imitates the practical landfill environment. A pipe, used as a landmark, has diameter of 115 mm and height of 400 mm.
The flow chart showing the robot car control system is presented in Fig. 15 . The inputs of u1 and u2 are derived from the present pose based on the PGR. Using the EKF-SLAM algorithm , the next pose is estimated according to the pose estimate model. When the robot receives scanning data from LRF, the landmarks can be identified based on circle feature extracting algorithm (Xavier, et al., 2005) . Then the data association is implemented with prediction and features. If the features are associated, then the robot adopts the current map and state model. If the features are not associated, then the robot ignores the fake features, adds new features, and updates the map. in the third quadrant. The default parameter values for numerical simulation and experiment are shown in Table 1 . The robot initial poses in numerical simulation and experiment are shown in Table 2 . Condition 1 is that the center of right minimum turning circle is in region I3. Condition 2 is that the center of right minimum turning circle is in region II3. Condition 3 is that the center of the right minimum turning circle is in region III3. Condition 4 is that the center of right minimum turning circle is in region IV3. (-400 mm, -2500 mm, -8π/9 rad) IV3
Simulation results
The robot location and pose angle are presented in the simulation results. Figure 16 
Experiment results
The experiment is conducted with the robot car using the same configuration parameters. The location, pose angle, and the command value and measured value of u1, and the command value and measuring value of u2 are shown in the experiment results. The command values of u1 and u2 are shown as the red line. The measuring values of u1 and u2 are shown as the blue line. For condition 1, the results are presented in Fig. 20 . When the robot stops at the singular point of (-2767.4 mm, -2169.2 mm, 2.25 rad), 1 ' = 20 mm/s is given. Then 2 ' = 0.1231, it restarts and reaches the origin.
For condition 2, the results are presented in Fig. 21 . When the robot stops at the first singular point (-667.4 mm, -320.3 mm, 2.2 rad), 1 ' = 20 mm/s is given. Then 2 ' = 0.2577, it restarts at the first singular point, but it stops at the second singular point (-746.2 mm, 38.5 mm, 1.41 rad). For condition 3, the results are presented in Fig. 22 . When the robot stops at the first singular point (-1575.3 mm, -81.2 mm, 1.71 rad), 1 ' = 20 mm/s is given. Then 2 ' = 0.5882, the robot restarts at the first singular point, but it stops at the second singular point (-1582.1 mm, 43.6 mm, 1.39 rad). Figure 23 depicts the results obtained for condition 4. When the robot stops at the first singular point (-392.3 mm, -1667.1 mm, -0.27 rad), 1 ' = 20 mm/s is given. Then 2 ' = 0.0311, the robot restarts at the first singular point, and it passes through y-axis, then stops at the second singular point (120.1 mm, -1567.2 mm, 0.29 rad) in 2 . Moreover, the robot has a pause interval at the first singular point restart because the value of new velocity 1 ' is smaller. It has no effect on the purposes of this experiment. As can be seen that the measuring data u1 contains noise in four conditions. It is inferred that it came from the velocity measurement using rotary encoders installed in the robot car. We note that the actual moving speed of the robot car was not oscillating. 
Discussion
The results of simulations and experiments demonstrate the convergent properties of the four regions in the third quadrant under steering angle saturation.
In region I3, i.e. condition 1, singular points exist separately within the two intervals of -π < θ < 0 and 0 < θ < π. Consequently, the robot can converge to the origin.
In region II3, i.e. condition 2, three singular points might exist separately within the two intervals of -π < θ < 0 and Region III3 has only a singular point within the interval of -π < θ < 0. Three singular points might exist within the interval of 0 < θ < π. The robot restarts at the first singular points, but it might stop at the second singular point. In condition 3, based on Eq. (17), it is able to obtain Fig. 25 after applying the feedback gain switching strategy. If f < 0, the two singular points within the interval of 0 < θ < π will vanish. Because the other parameters are immutable, except for 1 , it must give larger 1 ' than 1 such that f < 0. In this example, when 2 is changed to 2 ' , the new 1 ' = 0.2 is given. The F(θ) is presented in Fig. 26 . Experiment results presented in Fig. 27 show that the robot can restart at the singular point and converge to the origin. In region IV3, i.e. condition 4, there might be three singular points within the interval of -π < θ < 0 and only a singular point within the interval of 0 < θ < π. The robot restarts at the first singular point, but it might stop at the second singular point in 1 or might pass through the y-axis and then stop at the singular point in 2 .
Similar convergent properties are apparent when the center of minimum turning circles is in the other quadrants. The analysis clarifies the following situations: under steering angle saturation, when the center of the minimum turning circle is in region I, the car-like robot restarts at the singular point and converges to the origin; when the center location of minimum turning circle is in regions II, III and IV, the car-like robot might stop at the second singular point. Based on the number of singular points described in the summary presented above, the region division on the convergent property is reasonable. Moreover, if the value of 1 on 2 ' at the singular point in region III is changed, then the robot might be able to converge to the origin.
Conclusion
This study analyzes the influence of steering angle saturation to the convergent property in the PGR under the feedback gain switching strategy for car-like robots. The convergent property of the robot under steering angle saturation is investigated firstly. We report that the convergent property is related closely to the number of the singular points that are dependent on the center location of the minimum turning circle. Secondly, the convergent properties at different locations are clarified through region division. A method that extends the feedback gain switching strategy is proposed to change the convergent property in the specific region. Based on simulation and experiment results, we summarize convergent property related to the region and verify the validity of the extended method.
